
18
LEARNING FROM
OBSERVATIONS

In which we describeagents that can improve their behavior through diligent
studyof their ownexperiences.

The idea behindlearningis that perceptsshouldbe usednot only for acting, but also for
improving the agent’s ability to act in the future. Learningtakes placeas a result of the
interactionbetweenthe agentandthe world, andfrom observation by the agentof its own
decision-makingprocesses.Learningcanrangefrom trivial memorizationof experience,as
exhibited by the wumpusagentin Chapter10, to the creationof entirescientific theories,
asexhibitedby Albert Einstein.Chapter2 explainedthebasicstructureof a learningagent;
this chapterdescribesinductive learning from observations,which is thebasictool usedby
learningagents.In particular, wedescribehow to learnsimpletheoriesin propositionallogic.
Wealsogivea theoreticalanalysisthatexplainswhy inductive learningworks.

18.1 FORMS OF LEARNING

In Chapter2,wesaw thatalearningagentcanbethoughtof ascontainingaperformanceele-
ment thatdecideswhatactionsto takeanda learning elementthatmodifiestheperformance
elementso that it makes betterdecisions(seeFigure2.15). Machinelearningresearchers
have comeup with a largevarietyof learningelements.To understandthem,it will help to
seehow their designis affectedby thecontext in which they will operate.Thedesignof the
learningelementis affectedby threemajorissues:� Whichcomponentsof theperformanceelementareto belearned.� Whatfeedback is availableto learnthesecomponents.� Whatrepresentationis usedfor thecomponents.

Wenow analyzeeachof theseissuesin turn.
We have seenthat therearemany waysto build theperformanceelementof anagent.

Chapter2 describedseveralagentdesigns(Figures2.9,2.11,2.13,and2.14.Thecomponents
of theseagentsincludethefollowing:

1. A directmappingfrom conditionson thecurrentstateto actions.
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Section18.1. Formsof learning 653

2. A meansto infer relevantpropertiesof theworld from theperceptsequence.
3. Informationabouttheway theworld evolvesandaboutthe resultsof possibleactions

theagentcantake.
4. Utility informationindicatingthedesirabilityof world states.
5. Action-valueinformationindicatingthedesirabilityof actionsactionsin particularstates.
6. Goalsthatdescribeclassesof stateswhoseachievementmaximizestheagent’s utility.

Eachof thecomponentscanbelearned,giventheappropriatefeedback.Consider, for exam-
ple, an agenttraining to becomea taxi driver. Every time the instructorshouts“Brake!!!”,
the agentcanlearna condition–actionrule for whento brake (1). By seeingmany camera
imagesthat it is told containbuses,it canlearnto recognizethem(2). By trying actionsand
observingtheresults—forexample,brakinghardonawet road—itcanlearntheeffectsof its
actions(3). Then,whenit receivesno tip from passengerswhohave beenthoroughlyshaken
up duringthetrip, it canlearnausefulcomponentof its overall utility function(4).

Let us now considerthe type of feedbackavailablefor learning. The first threecases
in the precedingparagraphcanbe seenaslearninga functiongiven examplesof the inputs
andoutputsof the function. Thecondition–actionrule for brakingis a function from states
to a Booleanoutput(whetheror not to brake); thebusrecognitionprocessis a functionfrom
imagesto a Booleanoutput (whetheror not the imagecontainsa bus); and the theoryof
brakingis a function from statesandbrakingactionsto, say, stoppingdistances.Theseare
all instancesof supervised learning; this s thesimplestform of learning,andit will be the

�������	��
�� �
�	�� ��������� �
�
subjectof thischapter. Noticethatin thefirst two cases,a teacherprovidedthecorrectoutput
valueof theexamples;in the third, theoutputvaluewasavailabledirectly from theagent’s
percepts.For fully observable environments,it will always be the casethat an agentcan
observe theeffectsof its actionsandhencecanusesupervisedlearningmethodsto learnto
predict them. For partially observableenvironments,the problemis moredifficult because
theimmediateeffectsmaybeinvisible.

Ultimately, an agentmustlearnwhat to do. If thereis no teacherto tell theagentthe
correctactionat every moment,thentheagentmustlearnwhatto do from moresubtlekinds
of feedback.For example,thelackof a tip at theendof thejourney (or theheftybill for rear-
endingthecarin front) is calleda is calleda reinforcement.1 Learningwhatdo dobasedon���
� �������
�������	���
suchinformationis calledreinforcementlearning. Thesubjectis coveredin Chapter20.

���
� �������
�������	���� ��������� �
�
Learningwhenthereis no hint at all aboutthecorrectoutputsis calledunsupervised

learning. An unsupervisedlearnercanalwayslearnrelationshipsamongits perceptsusing
���
�����	����
�� ������ ��������� �
�

supervisedlearningmethods—thatis, it canlearnto predictits futureperceptsgivenits pre-
viouspercepts.It cannotlearnwhatto do unlessit alreadyhasautility function.

Therepresentationof thelearnedinformationplaysaveryimportantrolein determining
how thelearningalgorithmmustwork. Any of thecomponentsof anagentcanberepresented
usingany of the representationschemesin this book. We have seenseveral examples:lin-
earweightedpolynomialsfor utility functionsin game-playingprograms;propositionaland
first-orderlogical sentencesfor all of the componentsin a logical agent;andprobabilistic
descriptionssuchasBayesiannetworksinferentialcomponentsof adecision-theoreticagent.�

Thetermreward asusedin Chapter17 is a synonym for reinforcement.
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654 Chapter 18. Learningfrom Observations

Effectivelearningalgorithmshavebeendevisedfor all of these.Thischapterwill covermeth-
odsfor propositionallogic; Chapter21describesmethodsfor first-orderlogic; andChapter19
coversmethodsfor Bayesiannetworks andfor neuralnetworks (which includelinear poly-
nomialsasaspecialcase).

Oneotherissuethat cutsacrossall forms of learningis the questionof prior knowl-
edge. Themajorityof learningresearchin AI, computerscience,andpsychologyhasstudied�	��� ��� �	�
��! � �	�
���
thecasein which theagentbeginswith no knowledgeat all aboutwhat it is trying to learn.
It hasaccessonly to theexamplespresentedby its experience.Althoughthis is animportant
specialcase,it is by no meansthegeneralcase.Most humanlearningtakesplacein thecon-
text of a gooddealof backgroundknowledge. Somepsychologistsandlinguistsclaim that
evennewbornbabiesexhibit knowledgeof theworld. Whatever thetruth of this claim, there
is no doubtthatprior knowledgecanhelpenormouslyin learning.A physicistexamininga
stackof bubble-chamberphotographsmaybeableto inducea theorypositingtheexistence
of a new particleof a certainmassandcharge; but an art critic examining the samestack
might learnnothingmorethanthat the “artist” mustbe somesort of abstractexpressionist.
Chapter21 shows several ways in which learningis helpedby the useof existing knowl-
edge;it alsoshows how knowledgecanbe compiledin orderto speedup decisionmaking.
Chapter19shows how prior knowledgehelpsin thelearningof probabilistictheories.

18.2 INDUCTIVE LEARNING

An algorithmfor deterministicsupervisedlearningis givenasinput thecorrectvalueof the
unknown function for particular inputs, and must try to recover the unknown function or
somethingcloseto it. More formally, we sayan example is a pair "	#%$'&("	#*)�) , where # is�,+������ � �
the input and &("	#*) is the outputof the function appliedto # . The taskof pure inductive
inference(or induction) is this:

�	�����-� �����
�
��� 
��� ���,�������
���
Givenacollectionof examplesof & , returna function . thatapproximates& .

Thefunction . is calledahypothesis. Thereasonthatlearningis difficult, from aconceptual/	0 �,��� / ����� �
pointof view, is thatthefunction & is notgivensoit is noteasyto tell whetherany particular. is a goodapproximationof & . A hypothesisthat is a goodapproximationof & will gener-
alize well—thatis, will predictunseenexamplescorrectly. This is thefundamentalproblem�������	�	� � � 1,�2��� ���
of induction. The problemhasbeenstudiedfor centuries;Section18.5providesa partial

�	�	��3 � ���4���� �����
�
��� ���
solution.

Figure18.1shows a familiar example: fitting a function of a singlevariableto some
datapoints. Theexamplesare "	#5$'&("	#*)�) pairswhereboth # and &("	#6) arerealnumbers.We
choosethe hypothesisspaceH—the setof hypotheseswe will consider—to be the setof/	0 �,��� / ����� �-�
�7�����
polynomialsof degreeat most 8 , suchas 9:#<;>=@? , #%ACBEDGFH#<I , andso on. Figure18.1(a)
shows somedatawith anexact fit by a straightline (a polynomialof degree1). The line is
calleda consistenthypothesisbecauseit agreeswith all the data. Figure18.1(b)shows a�����
��� ���
���	�
high-degreepolynomial that is alsoconsistentwith the samedata. This illustratesthe first
fundamentalissuein inductive learning: how do we chooseamongmultiple consistenthy-
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Section18.2. Inductive Learning 655

potheses?Oneansweris Ockham’s razor2—preferthesimplesthypothesisconsistentwith���C� / ����J � �	�	1����
thedata. Intuitively, this makessense,becausehypothesesthatareno simplerthanthedata
themselvesarefailing to extractany patternfrom thedata.Of course,definingsimplicity is
not a simpleproblem,but it seemsreasonableto saythata degree–1polynomialis simpler
thanadegree–12polynomial.

Figure18.1(c)shows aseconddataset.Thereis noconsistentstraightline for thisdata
set;in fact, it requiresa degree–6polynomial(with 7 parameters)for anexactfit. Thereare
just 7 datapoints,sothepolynomialhasasmany parametersastherearedatapoints;thus,it
doesnotseemto befindingany patternin thedataandwedonotexpectit to generalizewell.
It might bebetterto fit a simplestraightline thatis not exactly consistentbut maymake rea-
sonablepredictions.Thisamountsto acceptingthatthetruefunctionmaynotbedeterministic
(or, roughly equivalently, that the true inputsarenot fully observed). For nondeterministic
functions,there is an inevitable tradeoff betweenhypothesiscomplexity anddegreeof fit to
thedata.Chapter19 explainshow to make this tradeoff usingprobabilitytheory.

(c)(a) (b) (d)
x x x x

f(x) f(x)f(x) f(x)

Figure18.1 (a)ExampleK�LNM�O*K�LQPCP pairsandaconsistent,linearhypothesis.(b) A consis-
tent,high-degree,polynomialhypothesisfor thesamedataset. (c) A differentdatasetthat
admitsanexacthigh-degreepolynomialfit or anapproximatelinearfit. (d) A simple,exact
sinusoidalfit to thesamedataset.

Oneshouldkeepin mind that thepossibilityor impossibilityof finding a simple,con-
sistenthypothesisdependsstronglyon the hypothesisspacechosen.Figure18.1(d)shows
that thedatain (c) canbefit exactly by a simplefunctionof theform R4#S=UTV=XW*Y[Z,\]# . This
exampleshows the importanceof thechoiceof hypothesisspace.A hypothesisspacecon-
sistingof polynomialsof finite degreecannotrepresentsinusoidalfunctionsaccurately, soa
learnerusingthishypothesisspacewill notbeableto learnfrom sinusoidaldata.Wesaythat
a learningproblemis realizableif thehypothesisspacecontainsthetruefunction;otherwise,���,� � � 1,��3 � �
it is unrealizable. Unfortunately, we cannotalwaystell if a given learningproblemis real-��������� � � 1,��3 � �
izable,becausethe true function is not known. Oneway to get aroundthis is to useprior
knowledge to derive ahypothesisspacein which we know thetruefunctionmustlie—this is
coveredin Chapter21.

Anotherapproachis to usethe largestpossiblehypothesisspace.For example,why
not let H be the classof all Turing machines?After all, every computablefunctioncanbe^

Sometimesmisspelled“Occam,” perhapsfrom theFrenchrendering,“Guillaumed’Occam.”
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656 Chapter 18. Learningfrom Observations

representedby someTuring machine,andthis is thebestwe cando. Theproblemwith this
idea is that it doesnot take into accountthe computationalcomplexity of learning. There
is a tradeoff betweentheexpressivenessof a hypothesisspaceandthecomplexity of finding
simple, consistenthypotheseswithin that space. For example,fitting straightlines to data
is very easy;fitting high-degreepolynomialsis harder;fitting Turing machinesis very hard
indeedbecausedeterminingwhetheragivenTuringmachineis consistentwith thedatais not
even decidablein general.A secondreasonto prefersimplelanguagesis that the resulting
hypothesesmaybesimplerto use—thatis, inferencemaybemuchlessexpensive.

For thesereasons,mostwork on learninghasfocusedon relatively simplerepresenta-
tions.In thischapter, weconcentrateonpropositionallogic andrelatedlanguages.Chapter21
looksat learningtheoriesin first-orderlogic. Wewill seethattheexpressiveness/complexity
tradeoff is not a simpleasit first seems:it is oftenthecase,aswe saw in Chapter8, thatan
expressive languagemakesit possiblefor a simpletheoryto fit thedata,whereasrestricting
theexpressivenessof the languagemeansthatany consistenttheorymustbevery complex.
For example,therulesof chesscanbewritten in apageor two of first-orderlogic, but require
thousandsof pageswhenwritten in propositionallogic. In suchcases,it shouldbepossible
to learnmuchfasterusingthemoreexpressive language.

18.3 LEARNING DECISION TREES

Decisiontree induction is one of the simplestand yet most successfulforms of learning
algorithm. It servesasa goodintroductionto the areaof inductive learning,andis easyto
implement.Wefirst describetheperformanceelement,andthenshow how to learnit. Along
theway, we will introduceideasthatappearin all areasof inductive learning.

Decisiontr eesasperformanceelements

A decision tree takes as input an objector situationdescribedby a set of attrib utes and������� ��� ���_�
���	��2�,�
��� 3������,� returnsa “decision”—thepredictedoutputvaluefor the input. The input attributesmay be
discreteor continuous.For themostpart we will assumediscreteinputs. Theoutputvalue
canalsobediscreteor continuous;learningadiscrete-valuedfunctionis calledclassification� � �
����� ��� ���2��� ���
learning;thecontinuouscase,which we deferto Chapter19, is calledregression. We will���������,�	��� ���
concentrateon Booleanclassification,whereeachexampleis classifiedastrue(positive) or���C��� ��� 
��
false(negative).�������2��� 
��

A decisiontreereachesits decisionby performinga sequenceof tests. Eachinternal
nodein thetreecorrespondsto a testof thevalueof oneof theproperties,andthebranches
from the nodeare labelledwith the possiblevaluesof the test. Eachleaf nodein the tree
specifiesthe value to be returnedif that leaf is reached.The decisiontree representation
seemsto bevery naturalfor humans;indeed,many “How To” manuals,e.g.,for car repair,
arewrittenentirelyasasingledecisiontreestretchingoverhundredsof pages.

A somewhatsimplerexampleis providedby theproblemof whetherto wait for a table
at a restaurant.Theaim hereis to learna definition for thegoal predicate `@a�b
b�`@Rca�d .3 In����� � ��������� ���2�
�
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Section18.3. LearningDecisionTrees 657

settingthis up asa learningproblem,we first have to decidewhatattributesareavailableto
describeexamplesin thedomain.4 Supposewe decideon thefollowing list of attributes:

1. Alternate: whetherthereis asuitablealternative restaurantnearby.

2. Bar: whethertherestauranthasacomfortablebarareato wait in.

3. Fri/Sat: trueonFridaysandSaturdays.

4. Hungry: whetherwe arehungry.

5. Patrons: how many peoplearein therestaurant(valuesare egf:h%i , jkf:lmi , and npoqb
b ).
6. Price: therestaurant’s pricerange($, $$,$$$).

7. Raining: whetherit is rainingoutside.

8. Reservation: whetherwe madea reservation.

9. Type: thekind of restaurant(French,Italian,Thai,or Burger).

10. WaitEstimate: thewait estimatedby thehost(0–10minutes,10–30,30–60, r 60).

The decisiontreeusuallyusedby the first authorfor this domainis shown in Figure18.2.
Notice that the tree doesnot usethe sptua�W_i and vxw y<i attributes, consideringtheseto be
irrelevant given thedatait hasseen.Examplesareprocessedby the treestartingat theroot
andfollowing theappropriatebranchuntil a leaf is reached.For instance,anexamplewith
Patronsz Full and WaitEstimatez|{}DEDE~_{ will be classifiedas positive, i.e., yes,we will
wait for a table.

Expressivenessof decisiontr ees

Logically speaking,any particulardecisiontreehypothesisfor the `@a�b
b�`�R4a�d goalpredicate
canbeseenasanassertionof theform�p� `@a�b
b�`�R4a�d_" � )g� "
s A " � )6��s ; " � )6�g�_�_�:��s5�*" � )�)
whereeachcondition s5�[" � ) is aconjunctionof testscorrespondingto apathfrom therootof
the treeto a leaf with positive outcome.Althoughthis looks like a first-ordersentence,it is
in a sensepropositionalbecauseit containsjust onevariableandall thepredicatesareunary
predicates.Thedecisiontreeis reallydescribingarelationshipbetweeǹ�aCb	b�`�Rca�d andsome
logical combinationof attribute values.We cannotusedecisiontreesto representteststhat
referto two or moredifferentobjects,for example,� t ; egi�R4t�T�w6"	t ; $�t�)%��sptua�W_i4"	t:$
y*)%��sptua�W_i4"	t ; $
y ; )��m�E.Ni�R-y*i_t�"2y ; $
y*)
(is therea cheaperrestaurantnearby). Obviously, we could addanotherBooleanattribute
with thename�E.qi-R�y<i_tH�Ei � d�R4oqtHR4h6d�egi�R4t�T�w , but it is intractableto addall suchattributes.
Chapter21will delve furtherinto theproblemof learningin first-orderlogic proper.

Decisiontreesare fully expressive within theclassof propositionallanguages,that is,
any Booleanfunctioncanbewritten asa decisiontree.This canbedonetrivially by having�

Meanwhile,theautomatedtaxi is learningwhetherto wait for thepassengersin casethey give up waiting for
a tableandwantto go on to anotherrestaurant.�

Onemight askwhy this isn’t the job of the learningprogram.In fact, it is, but we will not beableto explain
how it is doneuntil Chapter21.
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658 Chapter 18. Learningfrom Observations

eachrow in the truth tablefor thefunctioncorrespondto a pathin thetree. This would not
necessarilybea goodway to representthefunction,becausethetruth tableis exponentially
large in thenumberof attributes. Clearly, decisiontreescanrepresentmany functionswith
muchsmallertrees.

For somekindsof functions,however, this is a realproblem.For example,if thefunc-
tion is the parity function, which returns1 if andonly if an even numberof inputsare1,�7����� � 0 �,�����
��� ���
thenanexponentiallylargedecisiontreewill beneeded.It is alsodifficult to usea decision
treeto representamajority function, which returns1 if morethanhalf of its inputsare1.�C�	�����C� � 0 �����
�
��� ���

In otherwords,decisiontreesaregoodfor somekindsof functions,andbadfor others.
Is thereany kind of representationthat is efficient for all kindsof functions?Unfortunately,
theansweris no. We canshow this in a very generalway. Considerthe setof all Boolean
functionson h attributes.How many differentfunctionsarein thisset?Thisis justthenumber
of differenttruth tablesthatwe canwrite down, becausethe function is definedby its truth
table. Thetruth tablehas ? � rows, becauseeachinput caseis describedby h attributes.We
canconsiderthe “answer”columnof the tableasa ? � -bit numberthatdefinesthe function.
No matterwhatrepresentationweusefor functions,someof thefunctions(almostall of them,
in fact)aregoingto requireat leastthismany bits to represent.

If it takes ? � bits to definethefunction,thismeansthatthereare ? ;�� differentfunctions
on h attributes.This is a scarynumber. For example,with just six Booleanattributes,there
are ?u;��%z�~-�Q$�FHF4�Q$�� FHF}$[{4�u9Q$��u{��Q$��H�}~u$�� ~�� different functionsto choosefrom. We will need
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Figure18.2 A decisiontreefor decidingwhetherto wait for a table.
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Section18.3. LearningDecisionTrees 659

someingeniousalgorithmsto find consistenthypothesesin sucha largespace.

Inducing decisiontr eesfr om examples

An exampleis describedby thevaluesof theattributesandthevalueof thegoalpredicate.A
setof examples̈ A $_©_©_© $�¨ A�; for therestaurantdomainis shown in Figure18.3.Thepositive
examplesareoneswherethegoal `@a�b
b�`@Rca�d is true "	¨ A $�¨ I $_©_©_©ª) andnegativeexamplesare
oneswhereit is false "	¨ ; $�¨¬«H$_©_©_©­) . Thecompletesetof examplesis calledthe training set.�
�	��� �C� �
�u���ª�
Example

Attributes Goal®°¯,± ²x³:´ µ¶´¸· ¹»ºQ¼ ½]³:± ½¶´¸·
¾'¿ ÀÁ³:·
¼ À¶¿_Â ÃVÄ¸Åc¿ ÆxÂ�±
WillWaitÇÉÈ

Yes No No Yes Some $$$ No Yes French 0–10 YesÇpÊ
Yes No No Yes Full $ No No Thai 30–60 NoÇpË
No Yes No No Some $ No No Burger 0–10 YesÇÍÌ
Yes No Yes Yes Full $ Yes No Thai 10–30 YesÇpÎ
Yes No Yes No Full $$$ No Yes French Ï 60 NoÇpÐ
No Yes No Yes Some $$ Yes Yes Italian 0–10 YesÇpÑ
No Yes No No None $ Yes No Burger 0–10 NoÇpÒ
No No No Yes Some $$ Yes Yes Thai 0–10 YesÇpÓ
No Yes Yes No Full $ Yes No Burger Ï 60 NoÇ È�Ô
Yes Yes Yes Yes Full $$$ No Yes Italian 10–30 NoÇ ÈCÈ
No No No No None $ No No Thai 0–10 NoÇ È�Ê
Yes Yes Yes Yes Full $ No No Burger 30–60 Yes

Figure18.3 Examplesfor therestaurantdomain.

The problemof finding a decisiontree that agreeswith the training set might seem
difficult, but in fact thereis a trivial solution. We could simply constructa decisiontree
thathasonepathto a leaf for eachexample,wherethepathtestseachattribute in turn and
follows thevaluefor theexample,andthe leaf hastheclassificationof theexample. When
given thesameexampleagain,5 thedecisiontreewill comeup with the right classification.
Unfortunately, it will nothave muchto sayaboutany othercases!

Theproblemwith this trivial treeis that it just memorizestheobservations.It doesnot
extract any patternfrom the examplesandso we cannotexpect it to be ableto extrapolate
to examplesit hasnot seen.Applying Ockham’s razor, we shouldfind insteadthesmallest
decisiontree that is consistentwith the examples. Unfortunately, for any reasonabledefi-
nition of “smallest,” finding the smallesttree is an intractableproblem. With somesimple
heuristics,however, we cando a goodjob of finding a smallishone. Thebasicideabehind
the DECISION-TREE-LEARNING algorithmis to test the most importantattribute first. By
“most important,” we meantheonethatmakesthemostdifferenceto theclassificationof an
example.This way, we hopeto get to thecorrectclassificationwith a smallnumberof tests,
meaningthatall pathsin thetreewill beshortandthetreeasawholewill besmall.Õ

Thesameexampleor an examplewith thesamedescription—this distinctionis very importantandwe will
returnto it in Chapter21.
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660 Chapter 18. Learningfrom Observations
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Figure18.4 Splitting theexamplesby testingonattributes.(a)SplittingonTypebringsus
no nearerto distinguishingbetweenpositiveandnegativeexamples.(b) Splitting on Patrons
doesa good job of separatingpositive andnegative examples. After splitting on Patrons,
Hungry is a fairly goodsecondtest.

Figure18.4shows how thealgorithmgetsstarted.We aregiven12 trainingexamples,
which we classifyinto positive andnegative sets.We thendecidewhich attribute to useas
thefirst testin the tree. Figure18.4(a)shows thatTypeis a poorattribute,becauseit leaves
uswith four possibleoutcomes,eachof whichhasthesamenumberof positive andnegative
examples. On the other hand,in Figure 18.4(b)we seethat Patrons is a fairly important
attribute,becauseif thevalueis Noneor Some, thenwe areleft with examplesetsfor which
we cananswerdefinitively (No andYes, respectively). If thevalueis Full, we areleft with
a mixedsetof examples.In general,after thefirst attribute testsplitsup theexamples,each
outcomeis anew decisiontreelearningproblemin itself, with fewerexamplesandonefewer
attribute.Therearefour casesto considerfor theserecursive problems:

1. If therearesomepositive andsomenegativeexamples,thenchoosethebestattributeto
split them.Figure18.4(b)shows Hungrybeingusedto split theremainingexamples.

2. If all the remainingexamplesarepositive (or all negative), thenwe aredone: we can
answerYesor No. Figure18.4(c)shows examplesof this in theNoneandSomecases.

3. If thereareno examplesleft, it meansthatno suchexamplehasbeenobserved,andwe
returnadefault valuecalculatedfrom themajorityclassificationat thenode’s parent.

4. If thereareno attributesleft, but bothpositive andnegative examples,we have a prob-
lem. It meansthat theseexampleshave exactly the samedescription,but different
classifications.Thishappenswhensomeof thedataareincorrect;wesaythereis noise�
�[� ���
in thedata.It alsohappenswhentheattributesdo not give enoughinformationto fully
describethesituation,or whenthedomainis truly nondeterministic.Onesimpleway
outof theproblemis to useamajority vote.

The DECISION-TREE-LEARNING algorithm is shown in Figure 18.5. The detailsof the
methodfor CHOOSEATTRIBUTE aregivenin thenext subsection.
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Section18.3. LearningDecisionTrees 661

function DECISION-TREE-LEARNING(examples,attributes,default) returnsadecisiontree
inputs: examples, setof examples

attributes, setof attributes
default, default valuefor thegoalpredicate

if examplesis emptythen return default
elseif all exampleshave thesameclassificationthen return theclassification
elseif attributesis emptythen return MAJORITY-VALUE(examples)
else

bestÚ CHOOSE-ATTRIBUTE(attributes,examples)
treeÚ a new decisiontreewith root testbest
for eachvaluevÛ of bestdo

examplesÛuÚÝÜ elementsof exampleswith best Þàß-Û�á
subtreeÚ DECISION-TREE-LEARNING(examplesÛCM attributesâ best,

MAJORITY-VALUE(examples))
addabranchto treewith labelvÛ andsubtreesubtree

end
return tree

Figure18.5 Thedecisiontreelearningalgorithm.
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Figure18.6 Thedecisiontreeinducedfrom the12-exampletrainingset.

Thefinal treeproducedby thealgorithmappliedto the 12-exampledataset is shown
in Figure18.6. The treeis distinctly different from the original treeshown in Figure18.2,
despitethe fact that the datawereactuallygeneratedfrom an agentusingthe original tree.
Onemight concludethat the learningalgorithmis not doinga very goodjob of learningthe
correctfunction.This would bethewrongconclusionto draw. Thelearningalgorithmlooks
at theexamples, not at thecorrectfunction,andin fact, its hypothesis(seeFigure18.6)not
only agreeswith all the examples,but is considerablysimpler than the original tree. The
learningalgorithmhasno reasonto includetestsfor �pRca�h6a�h*ç and �Ei � i_tuèQR4d�a�f:h , becauseit
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662 Chapter 18. Learningfrom Observations

canclassifyall theexampleswithout them. It hasalsodetectedan interestingregularity in
thedata(namely, thatthefirst authorwill wait for Thai food on weekends)thatwasnoteven
suspected.

Of course,if we wereto gathermoreexamples,we might inducea treemoresimilar
to the original. The tree in Figure 18.6 is boundto make a mistake; for example, it has
never seena casewherethewait is 0–10minutesbut therestaurantis full. For a casewhereé oNh*ç4tuw is false,thetreesaysnot to wait, but theauthorwouldcertainlywait. This raisesan
obviousquestion:if thealgorithminducesa consistentbut incorrecttreefrom theexamples,
how incorrectwill thetreebe?Thenext sectionshows how to analyzethisexperimentally.

Choosingattrib ute tests

Theschemeusedin decisiontreelearningfor selectingattributesis designedto minimizethe
depthof the final tree. The ideais to pick the attribute that goesasfar aspossibletoward
providing an exact classificationof the examples.A perfectattribute dividesthe examples
into setsthat areall positive or all negative. The sERcdCtHf:h � attribute is not perfect,but it is
fairly good.A really uselessattributesuchas vêw�y<i leavestheexamplesetswith roughlythe
sameproportionof positive andnegative examplesastheoriginal set.

All we need,then, is a formal measureof “f airly good” and“really useless”andwe
canimplementtheCHOOSE-ATTRIBUTE functionof Figure18.5.Themeasureshouldhave
its maximumvaluewhenthe attribute is perfectand its minimum valuewhenthe attribute
is of no useat all. Onesuitablemeasureis the expectedamountof information provided� ���ª�����C����� ���
by theattribute, wherewe usethe term in themathematicalsensefirst definedin (Shannon
and Weaver, 1949). To understandthe notion of information, think aboutit as providing
the answerto a question,for example,whethera coin will comeup heads.The amountof
informationcontainedin theanswerdependson one’s prior knowledge.Thelessyou know,
themoreinformationis provided. Informationtheorymeasuresinformationcontentin bits.
Onebit of informationis enoughto answera yes/noquestionaboutwhich onehasno idea,
suchastheflip of a fair coin. In general,if thepossibleanswersè � have probabilitiessS"	è � ) ,
thentheinformationcontentë of theactualansweris givenby

ë<"
sS"	è A )�$_©_©_©�$[sì"	è � )�)Vz �í �,î A Dïsì"	è � )Qð�ñHò ; sS"	è � )
To checkthisequation,for thetossingof a fair coin weget

ë»ó A; $ A;Hô zõD A; ð,ñHò ; A; D A; ð�ñHò ; A; zõ~÷öqZ�ø
If the coin is loadedto give 99% headswe get ëê"�~�ùQ~_{H{ $'�H��ùQ~_{H{4)úzû{ ©7{�� bits, andas the
probabilityof headsgoesto 1, theinformationof theactualanswergoesto 0.

For decisiontreelearning,thequestionthat needsansweringis: for a given example,
what is thecorrectclassification?A correctdecisiontreewill answerthis question.An esti-
mateof theprobabilitiesof thepossibleanswersbeforeany of theattributeshave beentested
is givenby theproportionsof positive andnegative examplesin thetrainingset.Supposethe
trainingsetcontainsy positive examplesand h negative examples.Thenanestimateof the
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Section18.3. LearningDecisionTrees 663

informationcontainedin acorrectanswerisë óUüü�ý � $ �ü�ý � ô zõD üü�ý � ð�ñHò ; üü�ý � D �ü ý � ð�ñHò ; �ü ý �
Therestauranttrainingsetin Figure18.3hasy�zþhÿz � , sowe need1 bit of information.

Now a teston a singleattribute
�

will not usually tell us this muchinformation,but
it will give us someof it. We can measureexactly how much by looking at how much
informationwestill needafter theattributetest.Any attribute

�
dividesthetrainingset � into

subsets� A $_©_©_©-$���� accordingto theirvaluesfor
�

, where
�

canhave è distinctvalues.Each
subset�ï� hasyN� positive examplesand h6� negative examples,so if we go alongthatbranch
we will needan additional ë>"2y � ù "2y � =�h � )�$�h � ù "2y � = h � )�) bits of informationto answerthe
question.A randomexamplehasthe a th valuefor theattributewith probability "2y � =Sh � )�ù "2y°=h5) , soon average,aftertestingattribute

�
, we will need

�Ei-lúR4a�h��ci_t�" � )Vz �í �,î A ü	��ý � �ü�ý � ë ó ü	�ü	��ý � � $ � �ü	��ý � � ô
bits of informationto classifytheexample. The information gain from theattribute testis� ���ª�����C����� �����C��� �
thedifferencebetweentheoriginal informationrequirementandthenew requirement:
 R4a�h÷" � )÷z ë ó üü�ý � $ �ü�ý � ô D �Ei-lúR4a�h��ci_t�" � )
andthe heuristicusedin the CHOOSE-ATTRIBUTE function is just to choosethe attribute
with thelargestgain.

Looking at theattributes sERcd�tuf:h � and vxw�y*i andtheir classifyingpower, asshown in
Figure18.4,wehave
 R4a�h÷"
sÉR4d�tHf h � )(zõ~ïD � ;A�; ëq"
{ $-~�)%=
�A�; ëq"�~u$[{4) =
�A�; ë ó ; � $��� ô���� { ©��:F�~ bits
 R4a�h÷"�vêw�y<i:)Vzõ~ïD � ;A�; ë ó A; $ A; ô = ;A�; ë»ó A; $ A; ô = �A�; ë ó ;� $ ;� ô = �A�; ë ó ;� $ ;� ô�� z { bits

In fact, sERcd�tuf:h � hasthe highestgain of any of the attributesandwould be chosenby the
decision-treelearningalgorithmastheroot.

Assessingthe performanceof the learning algorithm

A learningalgorithmis goodif it produceshypothesesthatdo a goodjob of predictingthe
classificationsof unseenexamples.In Section18.5,we will seehow predictionquality can
be estimatedin advance. For now, we will look at a methodologyfor assessingprediction
qualityafterthefact.

Obviously, apredictionis goodif it turnsout to betrue,sowecanassessthequalityof a
hypothesisby checkingits predictionsagainstthecorrectclassificationoncewe know it. We
do this on a setof examplesknown asthe test set. If we train on all our availableexamples,�
���,�-���ª�
thenwe will have to go out andgetsomemoreto teston, sooften it is moreconvenientto
adoptthefollowing methodology:

1. Collecta largesetof examples.

2. Divide it into two disjoint sets:the training setandthe test set.
3. Apply thelearningalgorithmto thetrainingset,generatingahypothesis. .
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664 Chapter 18. Learningfrom Observations

4. Measurethepercentageof examplesin thetestsetthatarecorrectlyclassifiedby . .

5. Repeatsteps1 to 4 for differentsizesof training setsanddifferentrandomlyselected
trainingsetsof eachsize.

Theresultof this is a setof datathatcanbeprocessedto give theaveragepredictionquality
asa function of the sizeof the training set. This canbe plottedon a graph,giving what is
calledthe learning curve for thealgorithmon theparticulardomain.Thelearningcurve for� ��������� �
�u�C����
��
DECISION-TREE-LEARNING with the restaurantexamplesis shown in Figure18.7. Notice
thatasthetrainingsetgrows, thepredictionquality increases.(For this reason,suchcurves
arealsocalledhappy graphs.) This is a goodsign that thereis indeedsomepatternin the
dataandthelearningalgorithmis picking it up.
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Figure 18.7 A learningcurve for thedecisiontreealgorithmon 100randomlygenerated
examplesin therestaurantdomain.Thegraphsummarizes20 trials.

Obviously, thelearningalgorithmmustnot beallowedto “see” thetestdatabeforethe
learnedhypothesisis testedon them. Unfortunately, it is all too easyto fall into the trap
of peekingat thetestdata.Peekingtypically happensasfollows. A learningalgorithmmay�	���	�	� �
�
havevarious“knobs” thatcanbetwiddledto tuneits behavior—for example,variousdifferent
criteria for choosingthenext attribute in decisiontreelearning.We generatehypothesesfor
variousdifferentsettingsof theknobs,measuretheir performanceon thetestset,andreport
thepredictionperformanceof thebesthypothesis.Alas,peekinghasoccurred!Thereasonis
thatthehypothesiswasselectedon thebasisof its testsetperformance, soinformationabout
thetestsethasleaked into the learningalgorithm. Themoralof this tale is thatany process
that involvescomparingtheperformanceof hypotheseson a testsetmustusea new testset
to measuretheperformanceof thehypothesisthat is finally selected.In practice,this is too
difficult, sopeoplecontinueto runexperimentson taintedsetsof examples.
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Section18.3. LearningDecisionTrees 665

Noiseand overfitting

Wesaw earlierthatif therearetwo or moreexampleswith thesamedescriptions(in termsof
theattributes)but differentclassifications,thenthe DECISION-TREE-LEARNING algorithm
mustfail to find a decisiontreeconsistentwith all theexamples.Thesolutionwe mentioned
beforeis to haveeachleafnodereporteitherthemajorityclassificationfor its setof examples
or reporttheestimatedprobabilitiesof eachclassificationusingtherelative frequencies.The
former is appropriatefor anagentthat requiresthedecisiontreeto representa strict logical
function,whereasthelattercanbeusedby adecision-theoreticagent.

Unfortunately, this is far from the whole story. It is quite possible,andin fact likely,
thatevenwhenvital informationis missing,thedecisiontreelearningalgorithmwill find a
decisiontreethat is consistentwith all theexamples.This is becausethealgorithmcanuse
the irrelevantattributes,if any, to makespuriousdistinctionsamongtheexamples.

Considerthe problemof trying to predict the roll of a die. Supposethat experiments
arecarriedout during an extendedperiodof time with variousdice, andthat the attributes
describingeachtrainingexampleareasfollows:

1. Day: thedayon which thediewasrolled (Mon, Tue,Wed,Thu).

2. Month: themonthin which thedie wasrolled (Janor Feb).

3. Color: thecolor of thedie (Redor Blue).

As longastherearenotwoexampleswith identicaldescriptions,DECISION-TREE-LEARNING

will find anexacthypothesis.Themoreattributesthereare,themorelikely it is thatanexact
hypothesiswill befound. Any suchhypothesiswill betotally spurious.Whatwe would like
is thatDECISION-TREE-LEARNING returna singleleaf nodewith probabilitiescloseto 1/6
for eachroll, onceit hasseenenoughexamples.

Whenever thereis a large setof possiblehypotheses,onehasto be carefulnot to use
the resultingfreedomto find meaningless“regularity” in the data. This problemis called
overfitting . It is averygeneralphenomenon,andoccursevenwhenthetargetfunctionis not��
�������� �,��� �
�
atall random.It afflicts every kind of learningalgorithm,not justdecisiontrees.

A completemathematicaltreatmentof overfittingisbeyondthescopeof thisbook.Here
we presenta simpletechniquecalleddecisiontreepruning . Pruningworks by preventing

������� ��� ���_�
���	��	�	����� �
�
recursivesplittingonattributesthatarenotclearlyrelevant,evenwhenthedataatthatnodein
thetreeis notuniformly classified.Thequestionis, how dowe detectanirrelevantattribute?

Supposewesplit asetof examplesusinganirrelevantattribute.Generallyspeaking,we
would expecttheresultingsubsetsto have roughlythesameproportionsof eachclassasthe
original set. In this case,the informationgainwill becloseto zero.6 Thus,the information
gainis agoodclueto irrelevance.Now thequestionis, how largeagainshouldwerequirein
orderto split on aparticularattribute?

Wecananswerthisusingastatisticalsignificancetest. Sucha testbeginsby assuming��� ����� ��� �����
�C�[�
���,�
that thereis no underlyingpattern(theso-callednull hypothesis). Thentheactualdataare��� �ª��/	0 ���
� / ����� �
analyzedto calculatetheextent to which it deviatesfrom a perfectabsenceof pattern.If the
degreeof deviation is statisticallyunlikely (usuallytaken to meana 5% probabilityor less),

� In fact,thegainbewill begreaterthanzerounlesstheproportionsareall exactly thesame(seeExercise18.9).
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666 Chapter 18. Learningfrom Observations

thenthat is consideredto be goodevidencefor the presenceof a significantpatternin the
data.Theprobabilitiesarecalculatedfrom standarddistributionsof theamountof deviation
onewouldexpectto seedueto randomsampling.

In thiscase,thenull hypothesisis thattheattributeis irrelevant,andhencetheinforma-
tion gain for an infinitely large samplewould be zero. We needto calculatetheprobability
that,underthenull hypothesis,asampleof size è wouldexhibit theobserveddeviation from
theexpecteddistribution of positiveandnegativeexamples.Wecanmeasurethedeviationby
comparingtheactualnumbersof positive andnegativeexamplesin eachsubset,y � and h � , to
theexpectednumbers�y � and �h � assumingtrueirrelevance:�y � z y�� y � = h �y»= h �h � zþh�� y � = h �y = h
A convenientmeasureof thetotaldeviation is givenby� z �í �,î A "2y � D��y � )�;�y � = "	h � D��h � )�;�h �
Under the null hypothesis,the valueof

�
is distributed accordingto the � ; (chi-squared)

distribution with èúDõ~ degreesof freedom. The probability that the attribute is really ir-
relevant canbe calculatedwith the help of standard� ; tables,or with statisticalsoftware.
Exercise18.10asksyou to make theappropriatechangesto DECISION-TREE-LEARNING to
implementthis form of pruning,which is known as � ; pruning .� ; ���
����� �
�

With pruning,noisecanbetolerated—classificationerrorsgivea linearincreasein pre-
diction error, whereaserrorsin the descriptionsof exampleshave an asymptoticeffect that
getsworseas the tree shrinksdown to smallersets. Treesconstructedwith pruning per-
form significantlybetterthantreesconstructedwithoutpruningwhenthedatacontaina large
amountof noise.Theprunedtreesareoftenmuchsmallerandhenceeasierto understand.

Cross-validation is anothertechniquethatreducesoverfitting. It canbeappliedto any�C�	������� 
�� � � �,�2��� ���
learningalgorithm,not just trees.Thebasicideais to estimatehow well eachhypothesiswill
predictunseendata.This is doneby settingasidesomefractionof theknown data,andusing
it to testthepredictionperformanceof ahypothesisinducedfrom theremainingdata. � -fold
cross-validationmeansthatyou run 8 experiments,eachtimesettingasidea different ~�ùu8 of
thedata,andaveragetheresults.Popularvaluesfor 8 are5 and10. Theextremeis 8ÿz h ,
alsoknown asleave-one-outcross-validation. Cross-validationcanbe usedin conjunction
with any tree-constructionmethod(including pruning) in order to selecta tree with good
predictionperformance.To avoid peeking,we mustthenmeasurethis performancewith a
new testset.

Broadeningthe applicability of decisiontr ees

In orderto extenddecisiontreeinductionto a wider varietyof problems,a numberof issues
mustbeaddressed.Wewill briefly mentioneach,suggestingthata full understandingis best
obtainedby doingtheassociatedexercises:�

Missing data: In many domains,not all the attribute valueswill be known for every
example. The valuesmay not have beenrecorded,or they may be too expensive to
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Section18.4. Ensemblelearning 667

obtain. This gives rise to two problems. First, given a completedecisiontree, how
shouldoneclassifyan object that is missingoneof the testattributes? Second,how
shouldonemodify the informationgain formula whensomeexampleshave unknown
valuesfor theattribute?Thesequestionsareaddressedin Exercise18.11.�
Multi valued attrib utes:Whenan attribute hasa large numberof possiblevalues,the
informationgainmeasuregivesaninappropriateindicationof theattribute’susefulness.
Considertheextremecasewhereeveryexamplehasadifferentvaluefor theattribute—
for instance,if wewereto useanattribute �Ei � d�R4oqtHR4h6d�eÿRclmi in therestaurantdomain.
In suchacase,eachsubsetof examplesis asingletonandthereforehasauniqueclassi-
fication,sotheinformationgainmeasurewouldhave its highestvaluefor thisattribute.
However, theattributemaybeirrelevantor useless.Onepossiblesolutionis to usethe
gain ratio , asdescribedin Exercise18.12.�C��� � �	�2��� � �
Continuous and integer-valued input attrib utes: Continuousor integer-valuedat-
tributessuchas

é i_a�çQ.}d and `Ýi_a�ç .}d have an infinite setof possiblevalues. Rather
thangenerateinfinitely many branches,decision-treelearningalgorithmstypically find
thesplit point thatgivesthehighestinformationgain. For example,at a givennodein��� � � ������� ���
thetree,it maybethecasethat testingon `Ýi_a�çQ.�dpr ~-�u{ givesthemostinformation.
Efficientdynamicprogrammingmethodsexist for findinggoodsplit points,but it is still
by far themostexpensive partof real-world decisiontreelearningapplications.�
Continuous-valued output attrib utes: If we aretrying to predicta numericalvalue,
suchas the price of an artwork, ratherthana discreteclassification,thenwe needa
regressiontree. Sucha treehasat eachleaf a linear function of somesubsetof nu-���������,�	��� ���-�
�����
mericalattributes,ratherthanasinglevalue.For example,thebranchfor hand-colored
engravings might endwith a linear function of area,age,andnumberof colors. The
learningalgorithmmustdecidewhento stopsplitting andapplylinearregressionusing
theremainingattributes(or somesubsetthereof).

A decision-treelearningsystemfor real-world applicationsmust be able to handleall of
theseproblems.Handlingcontinuous-valuedvariablesis especiallyimportant,becauseboth
physicalandfinancialprocessesprovide numericaldata.Severalcommercialpackageshave
beenbuilt thatmeetthesecriteria,andthey havebeenusedto developseveralhundredfielded
systems.In many areasof industryandcommerce,decisiontreesareusuallythefirst method
tried whena classificationmethodis to beextractedfrom adataset.Oneimportantproperty
of decisiontreesis that it is possiblefor a humanto understandthe outputof the learning
algorithm.(Indeed,this is a legal requirementfor financialdecisionsthataresubjectto anti-
discriminationlaws.) This is apropertynotsharedby neuralnetworks,whicharealsowidely
used(seeChapter19).

18.4 ENSEMBLE LEARNING

So far we have looked at learningmethodsin which a single hypothesis,chosenfrom a
hypothesisspace,is usedto make predictions.Theideaof ensemblelearning methodsis to

�	�
�
�	��3 � �� ��������� �
�
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Figure18.8 Illustrationof theincreasedexpressivepowerobtainedby ensemblelearning.
We take threelinear thresholdhypotheses,eachof which classifiespositively on the non-
shadedside, and classify as positive any exampleclassifiedpositively by all three. The
resultingtriangularregion is a hypothesisnot expressiblein theoriginalhypothesisspace.

selectawholecollection,or ensemble, of hypothesesfrom thehypothesisspaceandcombine
theirpredictions.For example,wemightgenerateahundreddifferentdecisiontreesfrom the
sametrainingsetandhave themvoteon thebestclassificationfor anew example.

Themotivation for ensemblelearningis simple. Consideran ensembleof  z|� hy-
pothesesandsupposethatwecombinetheirpredictionsusingsimplemajorityvoting. For the
ensembleto misclassifya new example,at leastthreeof thefivehypotheseshaveto misclas-
sify it. Thehopeis thatthis is muchlesslikely thanamisclassificationby asinglehypothesis.
Supposewe assumethat eachhypothesis. � in the ensemblehasan error of y —that is, the
probabilitythatarandomlychosenexampleis misclassifiedby . � is y . Furthermore,suppose
weassumethattheerrorsmadeby eachhypothesisareindependent. In thatcase,if y is small
thentheprobabilityof a large numberof misclassificationsoccurringis minuscule.For ex-
ample,asimplecalculation(Exercise18.13)showsthatusinganensembleof fivehypotheses
reducesanerror rateof onein tendown to anerrorrateof lessthanonein a hundred.Now,
obviously theassumptionof independenceis unreasonable,becausehypothesesarelikely to
be misled in the sameway by any misleadingaspectsof the training data. In the extreme
case,whereall thehypothesesin theensembleareidentical,nothingis gained.If wecanfind
a way to make thehypothesesat leasta little bit different,therebyreducingthecorrelation
betweentheirerrors,thenensemblelearningshouldstill bevery useful.

Another way to think aboutthe ensembleidea is as a genericway of enlarging the
hypothesisspace.Thatis, think of theensembleitself asahypothesis,andthenew hypothesis
spaceasthesetof all possibleensemblesconstructiblefrom hypothesesin theoriginalspace.
Figure18.8shows how this canresultin a moreexpressive hypothesisspace.If theoriginal
hypothesisspaceallows for a simple and efficient learningalgorithm, then the ensemble
methodprovidesawayto learnamuchmoreexpressiveclassof hypotheseswithout incurring
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Section18.4. Ensemblelearning 669

muchadditionalcomputationalor algorithmiccomplexity.
Themostwidelyusedensemblemethodiscalledboosting. Tounderstandhow it works,3��C���,��� �
�

we needfirst to explain the ideaof a weighted training set. In sucha training set, each
! �
� � / �
�	�¸�
�
��� ��� �
����ª�

examplehasanassociatedweight !#"%$@{ , suchthat thesumof theweightsis 1. Th higher
theweightof anexample,thehighertheimportanceattachedto it whenlearningahypothesis.
It is straightforward to modify the learningalgorithmswe have seenso far to operatewith
weightedtrainingsets.7

Boostingstartswith !#"%z�~ for all theexamples,i.e., a normaltrainingset. Fromthis
set, it generatesthe first hypothesis,. A . This hypothesiswill classifysomeof the training
examplescorrectlyandsomeincorrectly. We would like thenext hypothesisto do betteron
themisclassifiedexamples,sowe increasetheir weightswhile decreasingtheweightsof the
correctlyclassifiedexamples.Fromthis new, weightedtrainingset,we generatehypothesis. ; . The processcontinuesin this way until we have generated hypotheses,where  is
an input to the boostingalgorithm. The final ensemblehypothesisis a weighted-majority
combinationof all the  hypotheses,whereeachis weightedaccordingto how well it per-
formedon thetrainingset.Figure18.9shows how thealgorithmworksconceptually. There
are many variantsof the basicboostingidea with different waysof adjustingthe weights
andcombiningthehypotheses.Onespecificalgorithm,calledADABOOST, is shown in Fig-
ure18.10.While thedetailsof theweightadjustmentsarenotsoimportant,ADABOOST does
have a very importantproperty:providedtheinput learningalgorithmL is a weak learning! �,��� � �,������� �
�
algorithm—whichmeansthatL alwaysreturnsahypothesiswith weightederrorgreaterthan~�ùu? —ADABOOST will returnahypothesisthatclassifiesthetrainingdataperfectlyfor large
enough . Thus,thealgorithmbooststheaccuracy of theoriginal learningalgorithmon the
trainingdata.This resultholdsno matterhow inexpressive theoriginal hypothesisspaceand
no matterhow complex thefunctionbeinglearned.

Let usseehow well boostingdoesontherestaurantdata.Wewill chooseasouroriginal
hypothesisspacetheclassof decisionstumps, which aredecisiontreeswith just onetestat������� ��� �����,�
�����
theroot. Thelowercurve in Figure18.11(a)showsthatdecisionstumpsarenotveryeffective
for this dataset, reachinga peakpredictionperformanceof only 72%. Whenboostingis
appliedwith  zX~_{H{ , theperformanceis muchbetter, reaching90%afteronly 58examples.

An interestingthing happensastheensemblesize  increases.Figure18.11(b)shows
thetrainingseterror(on60 examples)asa functionof  . Noticethattheerrorreacheszero
(astheboostingtheoremtellsus)when  is 27; thatis, a weighted-majoritycombinationof
27 decisionstumpssufficesto fit the60 examplesexactly. As morestumpsareaddedto the
ensemble,theerrorremainsatzero.Thegraphalsoshows that thetestseterror continuesto
decreaselongafterthetrainingseterror hasreachedzero. Thisfinding,whichis quiterobust
acrossdatasetsandhypothesisspaces,cameasquite a surprisewhen it wasfirst noticed.
Ockham’s razortells usnot to make hypothesesmorecomplex thannecessary, but thegraph
tells usthatthepredictionsimproveastheensemblehypothesisgetsmorecomplex! Various
explanationshave beenproposedfor this; oneview is thatboostingapproximatesBayesian&

For learningalgorithmswherethis is not possible,onecaninsteadcreatea replicatedtraining setwherethe'
th exampleappears(*) times,usingrandomizationto handlefractionalweights.
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h1 h2 h3 h4

h

Figure 18.9 How the boostingalgorithmworks. Eachshadedrectanglecorrespondsto
an example; the heightof the rectanglecorrespondsto the weight. The ticks andcrosses
indicatewhethertheexamplewasclassifiedcorrectlyby thecurrenthypothesis.Thesizeof
thedecisiontreeindicatestheweightof thathypothesisin thefinal ensemble.

function ADABOOST(examples,L,M) returnsaweighted-majorityhypothesis
inputs: examples, setof N labelledexamplesK�L È M Ä È P�M,+-+,+�M�K,L/.xM Ä .¶P

L, a learningalgorithm
M, thenumberof hypothesesin theensemble

local variables: w, a vectorof N exampleweights,initially 021 N
h, a vectorof M hypotheses
z, a vectorof M hypothesisweights

for m= 1 to M do
h 3m4_Ú L(examples,w)
error Ú 0
for j = 1 to N do

if h 3m4�K,L65¸P87Þ Ä 5 then error Ú error 9 w 3 :;4
for j = 1 to N do

if h 3m4�K,L65¸P�Þ Ä 5 then w 3 :	4-Ú w 3 :;4�< error 1HK=0(â error P
w Ú NORMALIZE(w)
z 3m4_Ú?>A@CB>KD0(â error PE1 error

return WEIGHTED-MAJORITY(h,z)

Figure18.10 TheADABOOST variantof theboostingmethodfor ensemblelearning.The
function WEIGHTED-MAJORITY generatesa hypothesisthat returnsthe outputvaluewith
thehighestvotefrom thehypothesesin h, with votesweightedby z.
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NO FIGURE YET NO FIGURE YET

(a) (b)

Figure18.11 (a)Graphshowing theperformanceof boosteddecisionstumps(vs.decision
stumps)ontherestaurantdata.(b) Thetrainingseterrorandtestseterrorasafunctionof F ,
thenumberof hypothesesin theensemble.

learning (seeChapter19),which canbeshown to beanoptimal learningalgorithm,andthe
approximationimprovesasmorehypothesesareadded.

18.5 WHY LEARNING WORKS: COMPUTATIONAL LEARNING THEORY

Themainunansweredquestionposedin Section18.2wasthis: how canonepossiblyknow
thatone’s learningalgorithmhasproduceda theorythatwill correctlypredictthefuture?In
termsof thedefinitionof inductive learning,how do we know that thehypothesisG is close
to thetarget function H if we don’t know what H is? Thesequestionshave beenponderedfor
severalcenturies,but unlesswefind someanswers,machinelearningwill, atbest,bepuzzled
by its own success.

Theapproachtakenin this sectionis basedon computational learning theory, a field
I=JLKLMON�PRQRP=S JLT�QVUUXWYQ=Z=TDS T\[CP\]=W^J_Z^`

attheintersectionof AI, statistics,andtheoreticalcomputerscience.Theunderlyingprinciple
is thefollowing: anyhypothesisthat is seriouslywrongwill almostcertainlybe“found out”
with highprobabilityaftera smallnumberof examples,becauseit will makeanincorrectpre-
diction. Thus,anyhypothesisthat is consistentwith a sufficiently large setof training exam-
plesis unlikely to beseriouslywrong—thatis, it mustbeprobably approximately correct. An

M�Z�J_abQVa�U `Q=MOM�Z�JVcDS KEQAP\WOU `I=JLZ=Z=W^I\P
algorithmthat returnsprobablyapproximatelycorrecthypothesesis calleda PAC-learningMdQOI=e UXWYQ=Z=TDS T\[
algorithm.

Therearesomesubtletiesin the precedingargument. The main questionis the con-
nectionbetweenthe trainingandthe testexamples—afterall, we want thehypothesisto be
approximatelycorrecton thetestset,not just on thetrainingset.Thekey assumptionis that
thetrainingandtestsetsaredrawn randomlyfrom thesamepopulationof examplesusingthe
sameprobabilitydistribution. Thisis calledthestationarity assumption.Withoutthestation-f^PRQRP=S JLT�QVZES P^`
arity assumption,thetheorycanmake no claimsat all aboutthefuturebecausetherewould
benonecessaryconnectionbetweenfutureandpast.Thestationarityassumptionamountsto
supposingthat the processthat selectsexamplesis not malevolent. Obviously, if the train-
ing setconsistedonly of weird examples—two-headeddogs,for instance—thenthelearning
algorithmcannothelpbut makeunsuccessfulgeneralizationsabouthow to recognizedogs.
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672 Chapter 18. Learningfrom Observations

How many examplesareneeded?

In orderto put theseinsightsinto practice,we will needsomenotation:h Let X bethesetof all possibleexamples.h Let i bethedistribution from whichexamplesaredrawn.h Let H bethesetof possiblehypotheses.h Let j bethenumberof examplesin thetrainingset.

Initially, we will assumethat the truefunction H is a memberof H. Now we candefinethe
error of a hypothesisG with respectto the true function H given a distribution i over theW�Z=Z�J_Z
examplesastheprobabilitythat G is differentfrom H on anexample:

errorkVGmlon?pqkVGrk�stlvun?Hwk�stlyx s drawn from izl
Thisis thesamequantitybeingmeasuredexperimentallyby thelearningcurvesshown earlier.

A hypothesisG is calledapproximately correct if errorkVGml|{~} , where} is asmallcon-
stant. Theplanof attackis to show thatafterseeingj examples,with high probability, all
consistenthypotheseswill beapproximatelycorrect.Onecanthink of anapproximatelycor-
recthypothesisasbeing“close” to thetruefunctionin hypothesisspace—itlies insidewhat
is calledthe } -ball aroundthe truefunction H . Figure18.12shows thesetof all hypotheses} e abQVUXU
H, dividedinto the } -ball aroundH andtheremainder, whichwe call Hbad.

f

H bad

H

∋

Figure 18.12 Schematicdiagramof hypothesisspace,showing the “ � -ball” aroundthe
truefunction � .

We can calculatethe probability that a “seriously wrong” hypothesisG*��� Hbad is
consistentwith the first j examplesas follows. We know that errorkVG��,l���} . Thus, the
probabilitythatit agreeswith any givenexampleis {�k_����}-l . Theboundfor j examplesisp%kVG�� agreeswith j examplesl�{�k_����}-l_�
Theprobability thatHbad containsat leastoneconsistenthypothesisis boundedby thesum
of theindividual probabilities:p%k Hbad containsaconsistenthypothesisl�{�xHbadxXk_����}�l � {�xH xXk_����}-l �
c
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Section18.5. Why LearningWorks: ComputationalLearningTheory 673

wherewe have usedthe fact that xHbadxw{�xH x . We would like to reducetheprobabilityof
thiseventbelow somesmallnumber� :xH xXk_����}-l,���
Giventhat ����}�{����*� , we canachieve this if we allow thealgorithmto seej�� �}�� ðb  ��¢¡ ðb £xH x ¤ (18.1)

examples.Thus,if a learningalgorithmreturnsahypothesisthatis consistentwith thismany
examples,thenwith probability at least �£�¥� , it haserror at most } . In otherwords, it is
probablyapproximatelycorrect.Thenumberof requiredexamples,asa functionof } and � ,
is calledthesamplecomplexity of thehypothesisspace.

fOQVKLM�UXWI=JLKLMOUXWbc=S P^`
It appears,then,that thekey questionis the sizeof the hypothesisspace.As we saw

earlier, if H is the setof all Booleanfunctionson ¦ attributes,then xH x§n©¨�ªL« . Thus, the
samplecomplexity of the spacegrows as ¨­¬ . Becausethe numberof possibleexamplesis
also ¨ ¬ , thissaysthatany learningalgorithmfor thespaceof all Booleanfunctionswill dono
betterthana lookuptable,if it merelyreturnsa hypothesisthat is consistentwith all known
examples.Anotherway to seethis is to observe thatfor any unseenexample,thehypothesis
spacewill containasmany consistenthypothesespredictinga positive outcomeaspredicta
negative outcome.

Thedilemmaweface,then,is thatunlesswerestrictthespaceof functionsthealgorithm
canconsider, it will not be ableto learn;but if we do restrict the space,we may eliminate
the true functionaltogether. Therearetwo waysto “escape”this dilemma.Thefirst way is
to insistthatthealgorithmreturnsnot justany consistenthypothesis,but preferablyasimple
one (as is donein decisiontree learning). The theoreticalanalysisof suchalgorithmsis
beyond the scopeof this book, but in caseswherefinding simpleconsistenthypothesesis
tractable,thesamplecomplexity resultsaregenerallybetterthanfor analysesbasedonly on
consistency. The secondescape,which we pursuehere,is to focuson learnablesubsetsof
the entiresetof Booleanfunctions. The ideais that in mostcaseswe do not needthe full
expressive power of Booleanfunctions,andcangetby with morerestrictedlanguages.We
now examineonesuchrestrictedlanguagein moredetail.

Learning decisionlists

A decisionlist is a logicalexpressionof a restrictedform. It consistsof aseriesof tests,each® W^I¯S f=S JLT­UXS fbP
of whichisaconjunctionof literals. If atestsucceedswhenappliedtoanexampledescription,
thedecisionlist specifiesthevalueto bereturned.If thetestfails,processingcontinueswith
thenext testin the list.8 Decisionlists resembledecisiontrees,but their overall structureis
simpler, whereasthe individual testsaremorecomplex. Figure18.13shows a decisionlist
thatrepresentsthefollowing hypothesis:° s²±�³D´\´=±�µ�³=¶yk�s·l¹¸ pºµ»¶¯¼�½­¦r¾�k�s�¿-ÀÁ½­ÂÃ�CltÄ�k\pºµ�¶¯¼�½­¦r¾/k�sr¿�ÅvÆÇ´\´VltÈzÅv¼�³¯É�ÀÁµ�¶2k�stlLl

If weallow testsof arbitrarysize,thendecisionlistscanrepresentany Booleanfunction
(Exercise18.14). On theotherhand,if we restrictthesizeof eachtestto at most Ê literals,Ë

A decisionlist is thereforeidenticalin structureto aCOND statementin Lisp.
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674 Chapter 18. Learningfrom Observations

Patrons(x,Some)
No

Yes Yes

No

>Patrons(x,Full)  Fri/Sat(x)

Yes

No

Yes

Figure18.13 A decisionlist for therestaurantproblem.

thenit is possiblefor thelearningalgorithmto generalizesuccessfullyfrom a smallnumber
of examples.Wecall this languageÊ -DL . Theexamplein Figure18.13is in 2-DL. It is easytoÊ -DL

show (Exercise18.14)that Ê -DL includesasasubsetthelanguageÊ -DT, thesetof all decisionÊ -DT

treesof depthat most Ê . It is importantto rememberthat theparticularlanguagereferredto
by Ê -DL dependson the attributesusedto describethe examples.We will usethe notationÊ -DL k�¦�l to denotea Ê -DL languageusing ¦ Booleanattributes.

The first task is to show that Ê -DL is learnable—thatis, any function in Ê -DL canbe
accuratelyapproximatedafterseeingareasonablenumberof examples.Todothis,weneedto
calculatethenumberof hypothesesin thelanguage.Let thelanguageof tests—conjunctions
of atmost Ê literalsusing ¦ attributes—beÌº½C¦*Ímk�¦w¿,Ê�l . Becauseadecisionlist is constructed
of tests,andeachtestcanbeattachedto eithera ÎÏ�C¾ or a j�½ outcomeor canbeabsentfrom
thedecisionlist, thereareat most ÐÒÑ Ó·Ô ¬2Õ	ÖA¬�× ØyÙ Ñ distinctsetsof componenttests.Eachof these
setsof testscanbein any order, sox Ê -DL k�¦�lyxÒ{�Ð Ñ Ó·Ô ¬2Õ	ÖA¬�× ØyÙ Ñ xÚÌv½­¦*Í*k�¦w¿,Ê�lyxAÛ
Thenumberof conjunctionsof Ê literalsfrom ¦ attributesis givenbyxÚÌº½­¦*Í*k�¦w¿,Ê�lyx»n ØÜÝ î·Þºß ¨­¦³|à nâá¢k�¦ Ø l
Hence,aftersomework, we obtainx Ê -DL k�¦�lyx6n?¨�ã Öä¬�å/æÚçLè-é-Öä¬�å�Ù^Ù
Wecanplug this into Equation(18.1)to show thatthenumberof examplesneededfor PAC-
learninga Ê -DL functionis polynomialin ¦ :Âê� �} � ðb  �� ¡ áqk�¦ Ø ð,ñ�ë ª k�¦ Ø lLl¯¤
Therefore,any algorithmthatreturnsaconsistentdecisionlist will PAC-learna Ê -DL function
in a reasonablenumberof examples,for small Ê .

The next task is to find an efficient algorithm that returnsa consistentdecisionlist.
We will usea greedyalgorithmcalledDECISION-L IST-LEARNING that repeatedlyfinds a
test that agreesexactly with somesubsetof the training set. Onceit finds sucha test, it
addsit to the decisionlist underconstructionandremovesthe correspondingexamples. It
thenconstructstheremainderof thedecisionlist usingjust theremainingexamples.This is
repeateduntil thereareno examplesleft. Thealgorithmis shown in Figure18.14.

This algorithm doesnot specify the methodfor selectingthe next test to add to the
decisionlist. Althoughtheformalresultsgivenearlierdonotdependontheselectionmethod,
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Section18.5. Why LearningWorks: ComputationalLearningTheory 675

function DECISION-L IST-LEARNING(examples) returnsa decisionlist, or failure

if examplesis emptythen return thetrivial decisionlist No
t ì a testthatmatchesanonemptysubsetexamplesí of examples

suchthatthemembersof examplesí areall positiveor all negative
if thereis no sucht then return failure
if theexamplesin examplesí arepositive then o ì Yeselseo ì No
return adecisionlist with initial testt andoutcomeo andremainingtestsgivenby

DECISION-L IST-LEARNING(examples î examplesí )
Figure18.14 An algorithmfor learningdecisionlists.
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Figure18.15 Learningcurvefor DECISION-L IST-LEARNING algorithmontherestaurant
data.Thecurvefor DECISION-TREE-LEARNING is shown for comparison.

it would seemreasonableto prefersmall teststhat matchlarge setsof uniformly classified
examples,sothattheoveralldecisionlist will beascompactaspossible.Thesimpleststrategy
is to find thesmallesttest ¶ thatmatchesany uniformly classifiedsubset,regardlessof thesize
of thesubset.Eventhisapproachworksquitewell, asFigure18.15suggests.

Discussion

Computationallearningtheoryhasgeneratedanew wayof lookingattheproblemof learning.
In the early 1960s,the theoryof learningfocussedon the problemof identification in the
limit . An identificationalgorithm must return a hypothesisthat exactly matchesthe true

S ® WOTOP=S ï^S IVQRP=S JLTCS TP\]=WyUYS K�S P
function. Oneway to do this is asfollows. First, orderall the hypothesesin H according
to somemeasureof simplicity. Then,choosethesimplesthypothesisconsistentwith all the
examplessofar. As new examplesarrive, thismethodwill abandonasimplerhypothesisthat
is invalidatedandadopta morecomplex oneinstead. Onceit reachesthe true function, it
will never abandonit. Unfortunately, in many hypothesisspaces,the numberof examples
andthecomputationtime requiredto reachthe true functionareenormous.Computational
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676 Chapter 18. Learningfrom Observations

learningtheorydoesnot insist that the learningagentfind the “one true law” governingits
environment,but insteadthatit find ahypothesiswith acertaindegreeof predictiveaccuracy.
It alsobringssharplyinto focusthe trade-off betweenthe expressivenessof the hypothesis
languageandthecomplexity of learning.

ThePAC-learningresultswe have shown areworst-casecomplexity results,anddo not
necessarilyreflect the average-casesamplecomplexity asmeasuredby the learningcurves
we have shown. An average-caseanalysismustalsomake assumptionsasto thedistribution
of examplesandthedistribution of true functionsthat thealgorithmwill have to learn. As
theseissuesbecomebetterunderstood,computationallearningtheoryis providing valuable
guidanceto machinelearningresearcherswho areinterestedin predictingor modifying the
learningability of their algorithms.Besidesdecisionlists, resultshave beenobtainedfor al-
mostall known subclassesof Booleanfunctions,for neuralnetworks(seeChapter19)andfor
setsof first-orderlogicalsentences(seeChapter21). Theresultsshow thatthepureinductive
learningproblem,wheretheagentbeginswith no prior knowledgeaboutthetarget function,
is generallyveryhard.As weshow in Chapter21,theuseof prior knowledgeto guideinduc-
tive learningmakesit possibleto learnquitelargesetsof sentencesfrom reasonablenumbers
of examples,evenin a languageasexpressive asfirst-orderlogic.

18.6 SUMMARY

Thischapterhasconcentratedoninductive learningof deterministicfunctionsfromexamples.
Themainpointswereasfollows:h Learningtakesmany forms,dependingon thenatureof theperformanceelement,the

componentto beimproved,andtheavailablefeedback.h If theavailablefeedback,eitherfrom a teacheror from theenvironment,providesthe
correctvalue for the examples,the learningproblemis called supervised learning.
The task, also called inductive learning, is then to learn a function from examples
of its inputsandoutputs.Learninga discrete-valuedfunction is calledclassification;
learningacontinuousfunctionis calledregression.h Inductive learning involves finding a consistenthypothesisthat agreeswith the ex-
amples.Ockham’s razor suggestschoosingthe simplestconsistenthypothesis.The
difficulty of this taskdependson thechosenrepresentation.h Decision treescan representall Booleanfunctions. The information gain heuristic
providesanefficientmethodfor findinga simple,consistentdecisiontree.h Theperformanceof inductive learningalgorithmsis measuredby the learning curve,
which shows the predictionaccuracy on the test set as a function of the size of the
training set.h Computational learning theory analyzesthe samplecomplexity andcomputational
complexity of inductive learning.Thereis atrade-off betweentheexpressivenessof the
hypothesislanguageandtheeaseof learning.

c
g

2002 by Russell and Norvig. DRAFT---DO NOT DISTRIBUTE



Section18.6. Summary 677

BIBLIOGRAPHICAL AND HISTORICAL NOTES

Chapter1 outlinedthehistoryof philosophicalinvestigationsinto inductive learning.William
of Ockham(c. 1285–1349),themostinfluentialphilosopherof his centuryanda majorcon-
tributerto medieval epistemology, logic, andmetaphysics,is creditedwith astatementcalled
“Ockham’s Razor”—inLatin, Entianonsuntmultiplicandapraeternecessitatem, andin En-
glish, “Entitiesarenot to bemultipliedwithoutnecessity.” Unfortunately, this laudablepiece
of adviceis nowhereto befoundin hiswritings in preciselythesewords.

EPAM, the “ElementaryPerceiver And Memorizer” (Feigenbaum,1961),wasoneof
the earliestsystemsto usedecisiontrees(or discrimination nets). EPAM was intended
asa cognitive-simulationmodelof humanconceptlearning. CLS (Hunt et al., 1966)used
a heuristic lookaheadmethodto constructdecisiontrees. ID3 (Quinlan, 1979) addedthe
crucialideaof usinginformationcontentto providetheheuristicfunction. Informationtheory
itself wasdevelopedby ClaudeShannonto aid in thestudyof communication(Shannonand
Weaver, 1949). (Shannonalsocontributedoneof theearliestexamplesof machinelearning,
a mechanicalmousenamedTheseusthat learnedto navigate througha mazeby trial and
error.) The ð�ª methodof treepruningwasdescribedby Quinlan(1986).C4.5,anindustrial-
strengthdecisiontreepackage,canbe found in Quinlan(1993). An independenttradition
of decisiontreelearningalsoexistsin thestatisticalliterature.ClassificationandRegression
Trees(Breimanet al., 1984),known asthe“CART book,” is theprincipalreference.

Many other algorithmic approachesto learninghave beentried. The current-best-
hypothesisapproachmaintainsa singlehypothesis,specializingit whenit provestoo broad
andgeneralizingit whenit provestoonarrow. This is anold ideain philosophy(Mill, 1843).
Earlywork in cognitivepsychologyalsosuggestedthatthisis anaturalform of conceptlearn-
ing in humans(Bruneret al., 1957). In AI, theapproachis mostcloselyassociatedwith the
work of PatrickWinston,whosePh.D.thesis(Winston,1970)addressedtheproblemof learn-
ing descriptionsof complex objects.Theversionspacemethod(Mitchell, 1977,1982)takes
a differentapproach,maintainingthesetof all consistenthypothesesandeliminatingthose
foundto beinconsistentwith new examples.Theapproachwasusedin theMeta-DENDRAL

expert systemfor chemistry(BuchananandMitchell, 1978),andlater in Mitchell’s (1983)
LEX system,which learnsto solve calculusproblems.A third influential threadwasformed
by thework of Michalski andcolleagueson theAQ seriesof algorithms,which learnedsets
of logical rules(Michalski,1969;Michalski etal., 1986).

Ensemblelearningis anincreasinglypopulartechniquefor improving theperformance
of learningalgorithms.Bagging(Breiman,1996),thefirst effective method,workedby gen-abQO[¯[LS T\[
eratingmultiplebootstrap datasetsby subsamplingtheoriginaldataset;thefinal hypothesis
is the majority vote of the hypothesesobtainedfrom the bootstrapdatasets. The boosting
methoddescribedin thechapteroriginatedwith theoreticalwork by Schapire(1999)showing
thatthepredictionaccuracy of aweaklearningalgorithmcouldbeboostedby generatingsev-
eralhypothesesfrom distinctdatasets.TheADABOOST algorithmwasdevelopedby Freund
andSchapire(1996)andanalyzedtheoreticallyby Schapire(1999). Friedmanet al. (2000)
explainboostingfrom astatistician’s viewpoint.
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678 Chapter 18. Learningfrom Observations

Theoreticalanalysisof learningalgorithmsbeganwith theworkof Gold(1967)on iden-
tification in the limit . Thisapproachwasmotivatedin partby modelsof scientificdiscovery
from thephilosophyof science(Popper, 1962),but hasbeenappliedmainlyto theproblemof
learninggrammarsfrom examplesentences.Osherson,Stob,andWeinstein(1986)providea
modernandrigoroustreatmentof thefield.

Whereastheidentification-in-the-limit approachconcentratesoneventualconvergence,
thestudyof Kolmogorov complexity or algorithmic complexity, developedindependently

ñ JLUXK¯JE[¯J_Z�J=òI=JLKLMOUXWbc=S P^`
by Solomonoff (1964)andKolmogorov (1965),attemptsto provideaformaldefinitionfor the
notionof simplicity usedin Ockham’s razor.To escapetheproblemthatsimplicity depends
onthewayin which informationis represented,it is proposedthatsimplicity bemeasuredby
the lengthof theshortestprogramfor a universalTuring machinethat correctlyreproduces
theobserved data.Although therearemany possibleuniversalTuring machines,andhence
many possible“shortest”programs,theseprogramsdiffer in lengthby atmostaconstantthat
is independentof theamountof data.Thisbeautifulinsight,whichessentiallyshows thatany
initial representationbiaswill eventuallybeovercomeby thedataitself, is marredonly by the
undecidabilityof computingthelengthof theshortestprogram.Approximatemeasuressuch
astheminimum description length or MDL (Rissanen,1984)canbeusedinstead,andhave

K�S TES KLN=K® W^fOI¯ZDS MYPVS JLTUXWOTV[=P\]
producedexcellentresultsin practice.The text by Li andVitanyi (1993)is thebestsource
for Kolmogorov complexity.

Computationallearningtheoryin themodernsense,thatis, thetheoryof PAC-learning,
wasinauguratedby Leslie Valiant (1984). Valiant’s work stressedthe importanceof com-
putationalaswell assamplecomplexity. With MichaelKearns(1990),Valiantshowed that
several conceptclassescannotbe PAC-learnedtractablyeven thoughsufficient information
is available in the examples. Somepositive resultshave beenobtainedfor classessuchas
decisionlists (Rivest,1987).

An independenttraditionof samplecomplexity analysishasexistedin statistics,begin-
ning with thework on uniform convergencetheory (VapnikandChervonenkis,1971).The

N=TDS ïXJLZ=KI=JLT�ò=WOZ\[LW�T\IEWP\]=W^JLZb`
so-calledVC dimensionprovidesameasureroughlyanalogousto,but moregeneralthan,theò\I ® S KLWOTVfVS J_T ðb £xH x measureobtainedfrom PAC analysis.TheVC dimensioncanbeappliedto continuous
function classes,to which standardPAC analysisdoesnot apply. PAC-learningtheoryand
VC theorywerefirst connectedby the“four Germans”(noneof whomareactuallyGerman):
Blumer, Ehrenfeucht,Haussler, andWarmuth(1989). Subsequentdevelopmentsin VC the-
ory led to the inventionof support vector machinesor SVMs (CortesandVapnik,1995),

fVN=MOM^JLZ^P�ò=WbIVPYJLZKEQOI¯]DS T=W^f
later subsumedundertheheadingof kernel methods. This is an extremelyactive researchñ WOZ=TDWOU�KLWYP\]\J ® f
areaandhasprovidedeffective methodsfor several large-scaleapplications.Cristianiniand
Shawe-Taylor (2000)andScholkopf andSmola(2002)provide thoroughintroductions.

A largenumberof importantpaperson machinelearninghave beencollectedin Read-
ingsin MachineLearning(Shavlik andDietterich,1990).Thetwo volumesMachineLearn-
ing 1 (Michalski et al., 1983)andMachineLearning2 (Michalski et al., 1986)alsocontain
many importantpapersaswell ashugebibliographies.WeissandKulikowski (1991)pro-
videabroadintroductionto function-learningmethodsfrom machinelearning,statistics,and
neuralnetworks. The STATLOG project(Michie et al., 1994)is by far the mostexhaustive
investigationinto thecomparativeperformanceof learningalgorithms.Goodcurrentresearch
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Section18.6. Summary 679

in machinelearningis publishedin theannualproceedingsof theInternationalConferenceon
MachineLearningandthe NeuralInformationProcessingSystemsconference,in Machine
Learningand the Journal of Machine LearningResearch, and in mainstreamAI journals.
Work in computationallearningtheoryalsoappearsin theannualACM Workshopon Com-
putationalLearningTheory (COLT), and is describedin the texts by KearnsandVazirani
(1994)andAnthony andBartlett(1999).

EXERCISES

18.1 Considertheproblemfacedby aninfant learningto speakandunderstanda language.
Explainhow thisprocessfits into thegenerallearningmodel,identifyingeachof thecompo-
nentsof themodelasappropriate.

18.2 RepeatExercise18.1for thecaseof learningto play tennis(or someothercompeti-
tive sportwith which you arefamiliar). Is this supervisedlearningor reinforcementlearn-
ing?

18.3 Draw a decisiontreefor theproblemof decidingwhetheror not to move forwardat a
roadintersectiongiventhatthelight hasjust turnedgreen.

18.4 Wenevertestthesameattributetwicealongonepathin adecisiontree.Whynot?

18.5 Supposewe generatea trainingsetfrom a decisiontreeandthenapplydecision-tree
learningto that training set. Is it thecasethat the learningalgorithmwill eventuallyreturn
thecorrecttreeasthetrainingsetsizegoesto infinity? Why, or why not?

18.6 A good “straw man” learningalgorithm is as follows: createa table out of all the
trainingexamples.Determinewhich outputoccursmostoftenamongthetrainingexamples;
call it ó . Thenwhengivenan input that is not in thetable,just return ó . For inputsthatare
in thetable,returntheoutputassociatedwith it (or themostfrequentoutput,if thereis more
thanone).Implementthisalgorithmandseehow well it doeson therestaurantdomain.This
shouldgive you an ideaof thebaselinefor thedomain—theminimal performancethatany
algorithmshouldbeableto obtain.

18.7 In therecursive constructionof decisiontrees,it sometimesoccursthatamixedsetof
positive andnegative examplesremainsat a leaf node,evenafterall theattributeshave been
used.Supposethatwe have ô positive examplesand ¦ negative examples.

a. Show thatthesolutionusedby DECISION-TREE-LEARNING, whichpicksthemajority
classification,minimizestheabsoluteerrorover thesetof examplesat theleaf.

b. Show thattheclassprobability ô·ÉÒkAô ¡ ¦�l minimizesthesumof squarederrors.IEURQ\fOf;M�Z�J_abQ=a�S UXS P^`
18.8 Supposethat a learningalgorithmis trying to find a consistenthypothesiswhenthe
classificationsof examplesareactuallyrandom.Thereare¦ Booleanattributes,andexamples
aredrawn uniformly from thesetof ¨ ¬ possibleexamples.Calculatethenumberof examples
requiredbeforetheprobabilityof findingacontradictionin thedatareaches0.5.
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680 Chapter 18. Learningfrom Observations

18.9 Supposethat an attribute splits the setof examplesõ into subsetsõ Ý , andthat each
subsethasô Ý positiveexamplesand¦ Ý negativeexamples.Show thatunlesstheratio ô Ý ÉÒkAô Ý ¡¦ Ý l is thesamefor all ³ , theattributehasstrictly positive informationgain.

18.10 Modify DECISION-TREE-LEARNING to include ð ª -pruning.You maywish to con-
sultQuinlan(1986)for details.

18.11 ThestandardDECISION-TREE-LEARNING algorithmdescribedin thechapterdoes
nothandlecasesin whichsomeexampleshave missingattributevalues.

a. First,weneedto findawayto classifysuchexamples,givenadecisiontreethatincludes
testson theattributesfor which valuesmaybemissing.Supposeanexample ö hasa
missingvalue for attribute ÷ , andthat the decisiontreetestsfor ÷ at a nodethat ö
reaches.Oneway to handlethis caseis to pretendthat the examplehasall possible
valuesfor theattribute,but to weighteachvalueaccordingto its frequency amongall
of theexamplesthat reachthatnodein thedecisiontree. Theclassificationalgorithm
shouldfollow all branchesatany nodefor whichavalueis missing,andshouldmultiply
theweightsalongeachpath.Write amodifiedclassificationalgorithmfor decisiontrees
thathasthisbehavior.

b. Now modify theinformationgaincalculationsothatin any givencollectionof examplesÌ atagivennodein thetreeduringtheconstructionprocess,theexampleswith missing
valuesfor any of the remainingattributesare given “as–if” valuesaccordingto the
frequenciesof thosevaluesin theset Ì .

18.12 In thechapter, wenotedthatattributeswith many differentpossiblevaluescancause
problemswith thegainmeasure.Suchattributestendto split theexamplesinto many small
classesor even singletonclasses,therebyappearingto be highly relevant accordingto the
gainmeasure.Thegain ratio criterionselectsattributesaccordingto theratio betweentheir
gainandtheir intrinsic informationcontent,that is, theamountof informationcontainedin
the answerto the question,“What is the valueof this attribute?” The gain ratio criterion
thereforetries to measurehow efficiently an attribute provides information on the correct
classificationof anexample.Write amathematicalexpressionfor theinformationcontentof
anattribute,andimplementthegainratio criterionin DECISION-TREE-LEARNING.

18.13 Consideran ensemblelearningalgorithm that usessimple majority voting amongø
learnedhypotheses.Supposethat eachhypothesishaserror } andthat the errorsmade

by eachhypothesisareindependentof the others’. Calculatea formula for the error of the
ensemblealgorithmin termsof

ø
and } andevaluateit for thecaseswhere

ø n�ù , 10, and
20and }mn�úÒûb� , 0.2,and0.4. If theindependenceassumptionis removed,is it possiblefor the
ensembleerrorto beworsethan } ?
18.14 This exerciseconcernstheexpressivenessof decisionlists (Section18.5).

a. Show thatwith testsof unlimitedsize,decisionlistscanrepresentany Booleanfunction.

b. Show thatif thetestscancontainatmost Ê literalseach,thendecisionlistscanrepresent
any functionthatcanberepresentedby adecisiontreeof depth Ê .

c
g

2002 by Russell and Norvig. DRAFT---DO NOT DISTRIBUTE



Section18.6. Summary 681

18.15 Supposeyouarerunninga learningexperimenton anew algorithm.Youhave adata
set consistingof 25 examplesof eachof 2 classes.You plan to useleave-one-outcross-
validation.As abaseline,yourunyourexperimentalsetuponasimplemajorityclassifier. (A
majority classifieris givena setof trainingdata,andthenalwaysoutputstheclassthat is in
themajority in thetrainingset,regardlessof theinput.) You expectthemajority classifierto
scoreabout50%on leave-one-outcross-validation,but to your surprise,it scoreszero. Can
youexplainwhy?
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